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Abstract. We generalize F-signature to pairs (R, S>) where @ is a Cartier subalgebra on 
R as defined by the first two authors. In particular, we show the existence and positivity 
of the F-signature for any strongly F-regular pair. In one application, we answer an open 
question of I. Aberbach and F. Enescu by showing that the F-splitting ratio of an arbitrary 
F-pure local ring is strictly positive. Furthermore, we derive effective methods for computing 
the F-signature and the F-splitting ratio in the spirit of the work of R. Fedder. 

FT | 1. Introduction 

When working with rings or schemes in prime characteristic p > 0, sections of the Frobe- 
^ ■ nius endomorphism are called F '-splittings. When such a splitting exists the various iterates 

of Frobenius must split as well, and limiting constructions often allow one to conclude numer- 
ous desirable algebraic and geometric properties |HR74t IBK05] . In this article, we investigate 
the following natural question concerning the local asymptotic behavior of the number of 
splittings of large iterates of Frobenius. 

>: 

Question 1.1 (cf. [AEC^ Question 4.9]). If R is a local ring of equal characteristic p > 0, 
how many splittings does the e-iterated Frobenius map F e : R — > R have for e 3> 0? 
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We assume for simplicity in the introduction that R is a complete local domain with perfect 
residue field. In this case, the module-finite inclusion R C R l / pB into the corresponding ring 
of p e -th roots of elements of R is naturally identified with the e-iterated Frobenius. One 
obtains a precise measure of the number of distinct splittings of F e : R — > R by writing 
R}l pe = R® ae © M e as .R-modules where M e has no free direct summands. The number 
a e is independent of the corresponding direct sum decomposition and is called the e-th 
F -splitting number of R. 

If d equals the dimension of R, a well-known result of E. Kunz gives that a e < p ed for all 
e > with equality if and only if R is regular. For arbitrary R, this observation motivated 
C. Huneke and G. Leuschke |HL02] (cf. |SVdB 97j) to consider the F -signature of R 

s(R) = lim — ^ 

e — too p 

which asymptotically compares the F-splitting numbers of R to those of a regular ring of the 
same dimension. This limit, which has only recently been shown to exist in full generality 
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by the third author [Tucllj . detects the severity of the singularities of R. In particular, 
I. Aberbach and G. Leuschke |AL03] have shown that s(R) > if and only if R is strongly 
F-regular. In other words, if R is strongly F-regular, the answer to Question 11.11 above is 
that the F-splitting numbers a e are (up to a positive constant) on the order of p ed for e>0. 
However, if R is not strongly F-regular, then s(R) = and so the F-splitting numbers a e 
grow at a rate strictly less than p ed for e>0. 

The aim of this article is to vastly generalize the theory of F-signature to so-called pairs. 
For example, we shall give definitions for the F-signature of the ideal pairs (R, a*) used in 
[HY03] as well as the divisor pairs from |HW02] that appear throughout birational algebraic 
geometry. While interesting in its own right, this theory also has a number of powerful appli- 
cations in the classical setting. In particular, it can be used to give an answer to Question ll.il 
in full generality. 

In |AE05j . I. Aberbach and F. Enescu approached Question 11.11 through the use of a 
naturally defined prime ideal P called the F -splitting prime of R. In particular, they showed 
that the growth rate of the F-splitting numbers a e is bounded above by p edim ( R / p ) ; an d they 
further proposed to study the limit (shown to exist in [Tucllj ) 

rp(R) = lim 



v r,e dim( R/P) 
e — too p \ i / 

called the F -splitting ratio of R. One of the main applications of F-signature of pairs con- 
tained herein is the following result. 

Corollary 14.31 If R is F-pure {i.e. has an F-splitting), then rp(R) > is strictly positive. 



This result gives a complete answer to Question II. 1[ as we have that the F-splitting 
numbers are either all zero or are (up to a positive constant) on the order of p edim W p ) 
for e ^> where P is the F-splitting prime of R. We remark that our result was certainly 
anticipated by I. Aberbach and F. Enescu (c/. |AE05t Question 4.9] and Remark H~o1 below) . 

Let us briefly sketch the proof of the above result as a lead in to further discussion of 
F-signature of pairs. In the notation above, one first observes that R/P is strongly F-regular. 
Thus, the F-splitting numbers of R/P grow like p edira ( R / p ) for e>0, suggesting a change 
of setting to R/P. Indeed, every F-linear map R}/ pe — > R induces an F/F-linear map 
(F/ 'py/p e — 7 R/P, so that the F-splittings of R induce F-splittings of R/P. However, the 
difficulty lies in that a large number of F-splittings of R/P do not arise in this manner (see 
Section [4.3.21 for an explicit example). Rather, one needs a way to enumerate only certain 
kinds of F-splittings, which is precisely the idea of F-signature of pairs. 

More generally, one starts with specified collections 3i e of F-linear maps F 1//pe — > R for 
each e > 0. Following |Sch09bt lBri09j . we require that these collections <2i e can be put together 
to form a non- commutative N-graded ring <2) under function composition (after taking the 
necessary p-th roots), called a Cartier subalgebra on R. In particular, this ensures that there 
is a well-defined notion of F-regularity for the pair (F, $)). In Section [3], roughly speaking, 
we define the F-splitting number af to be the maximal number of F-splittings contained in 
*2J e . The fundamental results of this article, summarized below, completely characterize the 
asymptotic growth of the numbers af for e ^> and readily imply Corollary 14.31 above. 
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Theorem. Suppose 3 is a Cartier subalgebra on a d- dimensional equal characteristic p > 
complete local domain R with perfect residue field. IfT@ = {e\af^0}, then the limit 

s(R,3)= lim % 
eer^ — too p 

exists (Theorem \3.11\) and is called the F-signature of(R,3). Furthermore, s(R, S 1 ) > is 
positive if and only if (R, S 1 ) is F -regular (Theorem \3.18\) . 

The existence statement in the theorem above generalizes |Tucllj using related methods; 
however, it is quite distinct in that we make no appeal to Hilbert-Kunz multiplicity. The 
subsequent positivity statement is a substantial generalization of the main result of [AL03J. 

Section @] is devoted to various applications and examples of the theory of F-signature of 
pairs. In addition to the F-splitting ratio mentioned above, we also describe effective Fedder- 
type methods for computing F-signature. This is done via the formalism of F-graded systems 
following [BH09J. As before, the crucial point is that Cartier subalgebras facilitate changing 
settings from one ring to another. In particular, when R is presented as the quotient of a 
regular local ring S, we have the ability to translate difficult questions on R to computable 
statements on S. Applying the techniques of [Fed83j, one is led to the following results. 

Theorem. Let (S, n, I) be an n-dimensional complete regular local ring of equal characteristic 
p > with perfect residue field. 

(Corollary 4-H\ ) If R= S/J for some non-zero ideal J and d = dim(F), then 



s(R)= lim ±- d £ s (S/(n^;(J^:J))) 



e — too p 

(Corollary \4.15\ ) If a is a non-zero ideal andt G M>o, then all ideals of S are a 1 -tightly 
closed (see |HY03j ) if and only if 

s{S,a l ) = lim — (SI (n^ : a^- 1 ^)) > . 

e — Too p 

Finally, we conclude this article by computing F-signature in a number of interesting 
examples. In particular, we exhibit an F-pure local ring R with F-splitting prime P such 
that Tf(R) 7^ S (R/P) ( see Sections 14.3.21 and I4.3.3H . We also give a toric formula for the 
F-signature of monomial ideal pairs (see Section |4.3. 4p . 

Acknowledgements: The authors would like to thank Craig Huneke for valuable and in- 
spiring conversations. Finally, the authors worked on this paper while visiting the Johannes 
Gutenberg- Universitat Mainz during the summers of 2010 and 2011. These visits were funded 
by the SFB/TRR45 Periods, moduli, and the arithmetic of algebraic varieties. 

2. Preliminaries 

Unless explicitly stated otherwise, all rings throughout this paper are assumed to be 
commutative with a unit, Noetherian, and to have prime characteristic p > 0. A local ring 
is a triple (R, m, k) where m is the unique maximal ideal of the ring R and k = R/ra is 
the corresponding residue field. The Frobenius or p-th power endomorphism F: R — y R is 
defined by r \-y r p for all r e R. Similarly, for e G N, we have F e : R — y R given by r *— y r pe . 

Let M be an F-module. For any e G N, viewing M as an F-module via restriction of scalars 
for F e , yields an R- module we denote by F^M. Thus, F^M agrees with M as an Abelian 
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group, and if m G M we set F£m to be the corresponding element of F^M. Furthermore, 
for r G R it follows that r(F^m) = F£(r pe m). Note that F„fF inherits the structure of a ring 
abstractly isomorphic to R, and F£M is naturally an FfF-module for any F-module M. 

We have that F£R is an F-algebra via the homomorphism of F-modules F e : R — y Ff F 
given by r i— y F^r pe for r G F, which is but another perspective on the e-th iterate of 
Frobenius. In case R is reduced, we may identify F£R with the F-module F 1//pE of p e -th 
roots of i? by associating F*r and r 1//pe ; the e-iterated Frobenius homomorphism now takes 
on the guise of the natural inclusion R C R}' pe . Each point of view has certain advantages, 
and we will switch between them as the situation warrants throughout. 

Definition 2.1. Suppose (R,m,k) is a local ring of characteristic p > 0. We say R is 
F-finite if F*F is finitely generated as an F-module, from which it follows that F£R is 
finitely generated for all e G N. In this case, we set a(R) = log p [A; : k p ]. 

Note that any local ring which is essentially of finite type over a perfect field is F-finite, as 
well as a complete local ring with perfect (or even F-finite) residue field. We shall primarily 
restrict our attention to F-finite rings throughout this article. 

Denote by £ R (M) the length of a finitely generated Artinian R- module M. If R is F-finite 
and e G N, it is easy to see that 

IfMKm) = e R (M) i r (f:m) = P ea ^ e R (M) 

by using that Ff( ) is an exact functor and [(F£k ~ fc 1//pE ) : k] = p ea ( R \ If I = (a; l5 . . . , x t ) 

is an ideal in R, then the corresponding ideal 1^ = {x\ , . . . , x P ) satisfies IF^R = F^(I^) 
and is independent of the choice of generators of I. In particular, if I is m-primary, we have 

£ R {{R/I) ® R F:R) = £ R (F: {R/lW)) = p «*(*) £ R (R/I^) . 

The following results of Kunz, also treated in the appendix to [Mat8Q], show how the 
Frobenius endomorphism can be used to detect regularity. 

Theorem 2.2. [Kun69| lKun76] Let (R, m, k) be an F-finite Noetherian local ring of dimen- 
sion d and characteristic p > 0. Then R is excellent and a(Rp) = ch{Rq) + dim(Fg/FFg) 
for any two prime ideals PCQ of R. Furthermore, R is regular if and only if FIR is a free 
R-module of rank p e ( d + a ( R )) for some e G Z >0 , in which case F^R is a free R-module of rank 

p e(d+a(R)) f ora H e E Z >Q . 

More generally, as suggested by Theorem 12.21 above, one expects the F-module structure 
of F£R to reflect upon the singularities of R. This observation is an essential part of the 
underlying motivation for the theory developed in this article. 

2.1. The Cartier algebra. In this section, we recall a general framework for the investi- 
gation of singularities in positive characteristic commutative algebra. It is in the context of 
this framework that we proceed to develop a theory of F-signature of pairs. 

Definition 2.3. Suppose R is an F-finite ring with prime characteristic p > 0. A p~ e -linear 
map between F-modules M and iV is an additive map (p: M — y N such that (p(r pE x) = rip(x) 
for all x G M and r G R. Equivalently, it is simply an F-linear map F^M —y N, so that the 
set of p _e -linear maps from M to iV is given by Hom R (F^M, N). If R is reduced and M is 
a submodule of the total quotient ring of R, this set is also identified with Hoia R (M 1 ^ pe , N) 
via the F-module isomorphism M 1/,pE — y F^M mapping a 1 ^" h-> F£a. 
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For e G Z> , let fff 1 = Hom^Ffi?, F) denote the set of all p e -linear maps. Consider now 
the Abelian group 

** = *? = Hom R (F, e F, F) 

e>0 e>0 

where we have ^q = Hohir(F, F) = F. In fact, ^ R carries the structure of a non-commutative 
N-graded ring where the multiplication of homogenous elements is given by composition of 
additive maps. In the above notation this means that, if ipi G 'rfj^ and (p 2 G ^ R 2 are homo- 
geneous elements, then the multiplication in C € R is defined by 

<p x • <p 2 := (fa o F, e V 2 ) : Ff*+*>J2 -► F) G ^ 1+ea) . 

It is immediately verified that tp\ ■ ip 2 indeed corresponds to the composition ip x ° ¥2 '■ R — > R 
if both are viewed as additive maps on F. In particular, the n-fold product of <p G *1o R is 
denoted by (p n G ^ R e and corresponds simply to the n-fold composition of the additive map 
(p with itself. The algebra C € R is called either the total algebra of p~ e -linear maps on R or 
simply the (total) Cartier algebra on R. It is worth noting that R is not central in c if R . 

Definition 2.4. [Sch09bj An algebra of p~ e -linear maps on an F-finite ring R or simply a 

Cartier subalgebra on R is a graded subalgebra $1 = © e > ^ e of c tf R satisfying *3)q = ^ = 
Hohir(F, R) = R and <2) e ^ for some e G Z >0 . 

In the context of this paper, this theory was introduced in a paper of the second author, 
[Sch09b]. Further refinements and generalizations to arbitrary modules were developed in a 
paper of the first author |Bli09] . This theory also has roots in [LSOlj where the Matlis dual 
of the complete Cartier algebra was studied. For a brief survey of these algebras, see [STllt 
Section 7]. 

The advantage of using the formalism of algebras of p _e -linear maps is that they allow 
one to treat uniformly several common settings, such as: 

(a) The study of pairs (R, A) where R is normal and A is an effective IR-divisor on Spec R. 

(b) The study of pairs (R, a*) where t G M>o and a C R is an ideal not contained in the 
union of the minimal primes of R. 

(c) Triples (R, A, a*) combining the pairs in (a) and (b) above. 

See Section 14.3.11 for the precise construction of the Cartier subalgebras appropriate for each 
of the above variants. 

Example 2.5. Let R be an F-finite ring and tp g < & r = HomR(FfF, R) a non-zero p _e -linear 
map. The Cartier subalgebra generated by < lo R = R and if G < ^' R , i.e. the subalgebra of 
p~ e -linear maps inside C € R that they generate, will be denoted by ^^ . It is easy to see that 

<£* ~ R{ip}/(np - cpr pe ) . 

Example 2.6. |Sch09bl Remark 4.4] (cf |Sch09al Corollary 3.9] and [ESQI] ) If R is a Goren- 
stein local ring with canonical module ujr ~ R, then we have that HoniR (FfF, R) ~ 
HomR(FfF, ur) ~ F^ur ~ F£R can be generated as an F„fF-module by a single homo- 
morphism $ G ^ R (in fact, one may take $ to be the canonical dual of Frobenius). Fur- 
thermore, in this case, one can show ^* = C € R . While here the (total) Cartier algebra is 
finitely generated (over ^ R = R), in general C £ R need not be finitely generated {e.g. see 
[KatlOllMBZiT] ). 



2.2. F-singularities. 

Definition 2.7. [HR76J IHH89J ISch09b] Suppose S is a Cartier subalgebra on an F- finite 
local ring R. 

(a) We say that (R, S) is (sharply) F-pure if there is a surjective homomorphism p> £ S e 
for some e G Z >0 . The ring F is called F-pure when (R, < lo R ) is F-pure. 

(b) We say that (R, S) is (strongly) F -regular if it satisfies the following property: for all 
c G R not contained in any minimal prime, there exists an e G N and p> G S e such 
that ip(F^c) = 1. The ring R is called (strongly) F-regular when (R, ^ R ) is F-regular. 

Remark 2.8. The reader is hereby warned that, throughout this article, our terminology 
differs in some instances from that which has been used historically. However, rest assured 
that by adding the qualifiers sharply and strongly to F-pure and F-regular, respectively, this 
discrepancy (which, in any event, does not occur in a number of cases) is easily rectified. 
Similar remarks apply to the (big) test ideals appearing below. 

Proposition 2.9. Suppose S is a Cartier subalgebra on an F-finite local ring R. 

(a) If (R, S) is F-pure (respectively, F -regular) and S C S' for another Cartier subal- 
gebra S' ' , then (R, S') is also F-pure (respectively, F -regular) . 

(b) (R, S) is F-pure (respectively, F -regular) if and only if there exists some e G Z >0 
and 7^ <p G S e such that (R, <p) is F-pure (respectively, F -regular) . 

(c) If (R, S) is F-pure, then R is reduced and weakly normal. 

(d) If (R, S) is F -regular, then R is a Cohen- Macaulay normal domain. 

Proof. Statement (a) follows immediately from the definitions above. In particular, since S C 
%? R , then (R, S) being F-pure or F-regular implies the same property for R, respectively. 
As a result, (c) and (d) follow from well-known results in the theory of tight closure [Hun96j . 
For (b). see [5SlO| ISch09bj . □ 

Suppose S is a Cartier subalgebra on an F-finite ring R. Viewing the homogenous elements 
of Si as additive maps on R endows R with the structure of a ^-module. Since S$ = 
Hom#(F, R) = R, every ^-submodule of R is necessarily also an F-submodule. 

Definition 2.10. Suppose S is a Cartier subalgebra on an F-finite ring R. An ideal JCi? 
is said to be S-compatible if it is a ^-submodule of R, so that R/J inherits the structure 
of a ^-module from R. Equivalently, for all e G Z> and ip G S e , we have that ip(F^J) C J 
and thus tp induces a p _e -linear map pj on R/J fitting into the commutative diagram 

FIR— >R 



f:r/j-^r/j. 

In particular, setting (Sj) e = { p>j \ p> G S e } for all e G Z> , there is an induced Cartier 
subalgebra Sj = ® e >o{Sj) e on R/J. 

Theorem 2.11. [HH90j[Sch09b, Proposition 3.23] For any Cartier subalgebra S on an 
F-finite local domain R, there is a unique smallest non-zero S-compatible ideal t(R,S). 
The ideal t(R, S) is called the (big) test ideal of (R, S). Furthermore, t(R, S) = R if and 
only if (R, S) is (strongly) F-regular. 
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Proof. We have omitted a proof as we will not make use of the techniques in what follows, 
and refer the reader to the references listed above. The key point is to show there is a single 
non-zero element 6 6 i? which is contained in every ^-compatible ideal; the argument is 
essentially the same as that which shows test elements exist in F-finite reduced rings. See 
[STllj for a recent survey of test ideals from the point of view taken in this article. □ 

Proposition 2.12. [AE051 ISchlOa] Suppose ^ is a Cartier subalgebra on an F-finite local 
ring (R, m, k) . The ideal 

P® = { r G R\ tp{F*r) G m for all e > and all tp G @ e } 

is a proper ideal if and only if (R, 3>) is F-pure, in which case it is a prime ideal and the 
largest proper & -compatible ideal. The ideal P@ is called the F-splitting prime of (R, @). 

Proof. It is clear that (R, ^) is F-pure if and only if P@ is a proper ideal. Assuming this is 
the case, let us show that P$ is prime. If Ci, c 2 G R\ P$, then for i = 1, 2 there exists ej > 
and ifi G S ! ei with ^(Ff'Cj) = 1. But then if; G ^ ei +e 2 given by 

satisfies ip(F^ 1+e2 (ciC2)) = 1. Thus, c\C2 G R\P$, and we have that Pg is prime. To see that 
P$ is ^-compatible, suppose we have x G Peg, and tp G Q) e for some e G Z >0 . For all e' G Z >0 
and tp' G $> e ', we must have (tp' ■ tp)(F^ +e 'x) = tp' [Ff (p>(F^ +e ' x)) G m since tp' ■ tp G @ e +e' 
as 2 1 is a subalgebra of C € R . Thus, it follows that ip(F^x) G P$ and so P$ is ^-compatible. 
Since any proper ^-compatible ideal of R is automatically contained in P@, we see that P$ 
is in fact the largest proper ^-compatible ideal (cf. [SchlOa] ). D 

Lemma 2.13 (cf. [Sch09a, Main Theorem, part (v)]). Suppose S> is a Cartier subalgebra 
on an F-finite local ring (R, m, k). If J C R is a ^-compatible ideal and Q)j is the induced 
Cartier subalgebra on R/J as in Definition \2.1U[ then the operation 

/m- I/J 

induces a bijection between the ^-compatible ideals I of R containing J and the Q)j- compatible 
ideals of R/J. 

In particular, P@/J = Pg>j. Therefore, (R/J,£tj) is F -regular if and only if J is the 
F -splitting prime. 

Proof. Fix ip G 3) e with induced tpj G (S#j) e - The result is immediate after checking that 
tpj(F£I/J) C I/J if and only if tp(F^I) C I. For the second statement, use the maximality 
of P$ from Proposition 12.121 The last statement follows from the final assertion in Theorem 
I2TTT1 □ 

Remark 2.14. The test ideal is the positive characteristic analog of the multiplier ideal from 
higher dimensional algebraic geometry. Likewise, the subscheme defined by the splitting 
prime is analogous to the minimal LC-center. For additional discussion, see |STllj . 

3. F-SIGNATURE 

The F-signature of a local ring R is a numerical invariant which, roughly speaking, asymp- 
totically compares the number of splittings of Frobenius on R to the number of splittings one 
expects from a regular local ring with the same dimension. Formally introduced by C. Huneke 
and G. Leuschke in |HL02j {cf. [SVdB97] ) the existence of the F-signature was only recently 
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shown in full generality by the third author in [Tucllj . In the subsequent sections, we present 
a vast generalization of this invariant which incorporates the additional data of a Cartier 
subalgebra *3i on R. Following the initial definitions, we present two deep results concern- 
ing the existence (Theorem 13. lip and positivity (Theorem I3.18J) of the F-signature in this 
context. 

3.1. F-splitting numbers. 

Definition 3.1. Suppose S is a Cartier subalgebra on an F-fmite local ring (R, m, k). For 
e G Z >0 , a direct summand of F^R as an F-module is said to be a S-summand if it is 
isomorphic to R and the associated (F-linear) projection homomorphism F%R — y R belongs 
to S e . The e-th F -splitting number of (R, S) is the maximal number af of ^-summands 
appearing in the various direct sum decompositions of F£R as an F-module. 

Remark 3.2. Any direct sum decomposition F£R ~ R® a © M where the factors R® a of 
F£R are ^-summands may be further refined to ensure that M has no ^-summands, at 
which point it will follow from Proposition 13.51 below that a = af. However, the number of 
^-summands in arbitrary direct sum decompositions of F£R into indecomposable F-modules 
need not equal af in general. 

Our next goal is to build towards several alternate characterizations of the F-splitting 
numbers in Proposition 13.51 

Definition 3.3. Suppose <3) is a Cartier subalgebra on an F-fmite local ring (R, m, k). For 

e G Z >0 , we set 

if = { r G R | (p(F* r) G m for all p> G S> e } 

@T = { V? e £^ e | y? is not surjective, i.e. (p(F*R) Cm}. 
In other words, If can be described as those elements of R whose p e -th roots cannot be made 
to generate a ^-summand of F%R. Similarly, S™ i s the set of maps in S e which cannot serve 
as a projection homomorphism onto a ^-summand of F£R. 

Before proceeding, let us first record some elementary properties of the ideals if. 

Lemma 3.4. Suppose S is a Cartier subalgebra on an F -finite local ring (R, m, k). If if G 3> e 
for some e G Z >0; then for all e' G Z >0 we have mi pe 1 C If, and (p(F£lf +e ,) C if. In 
particular, if ip is surjective then lf +e , C if. 

Proof. If x G m and ip' G @ e > for some e' G Z >0 , we have (p'(F^ x pB ) = ip'(x ■ F^ 1) = 
xcp'(F£ 1) G m. Thus, we conclude m^ e 1 C If . If now y G lf +e /, we must have 

(^ ■ ip){F^y) = iff [Ft' {viFty))) G m 

by the definition of lf +e , since <p' -ip G ^ e +e' as ^ is closed under multiplication inside ^r. It 
follows that <p(F£lf +e ,) C /J*. If additionally y? is surjective, we again have (<p ■ <p')(F£ +e y) = 
ip (F* ((p'(F* ?/))) C m and so necessarily <p'(F* y) G m. Therefore y G if and so F£j_ e , C if 
as desired. D 

Proposition 3.5. If & is a Cartier subalgebra on an F -finite local ring (R,m,k), then for 
all e G Z >0 we have 
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(a) af = £ R {@ e /@?) = i R (F:(R/lf)) = p ea ^ l R {R/lf) . 
Furthermore, the F -splitting number af can alternatively be described as either 

(b) the maximal possible number of direct summands isomorphic to R in any direct sum 
decomposition of ^^ as an R-module which are contained inside S e , or 

(c) the maximal possible number of direct summands isomorphic to R in any direct 
sum decomposition of S> e as an R-module whose associated projection homomorphism 
S e — > R can be extended to a homomorphism "^ — y R. 

Roughly speaking, we interpret the equality af = £ R {S> e / Sf s ) above to say that the e-th 
splitting number of (R, Si) counts the number of splittings of the e-th iterate of Frobenius 
that are contained in S. In a sense, this gives intuition into why one would expect a Cartier 
subalgebra S with smaller splitting numbers to correspond to more severe singularities. The 
proof of Proposition 13.51 is immediate from the following more general lemma. 

Lemma 3.6. Let (R,m,k) be a local ring and M a finitely generated reflexive R-module, 
and suppose D C Hom^(M, R) is an R-submodule. Then we have 

£ R (M/(m G M | tp(m) G m for all <p G D)) = £ R (D/(<p G D | tp(M) C m» . 

Furthermore, this quantity can be expressed in terms of direct sum decompositions as follows: 

(a) The maximal number of direct summands of M isomorphic to R whose associated 
projection homomorphisms M — y R belong to D. 

(b) The maximal number of direct summands ofHom R (M, R) isomorphic to R which are 
contained in D. 

(c) The maximal number of direct summands of D isomorphic to R whose associated 
projection homomorphisms D — y R extend to a homomorphism Hom R (M, R) — y R. 

Proof. Let M = R® a © N be any direct sum decomposition which is maximal with re- 
spect to having all of the corresponding projections tpi,...,tp a G H.om R (M,R) belong to 
D, In other words, N cannot be further decomposed as JV = R © N' in such a way 
that the additional projection M — > R belongs to D. There is a dual direct sum de- 
composition Hom R (M,R) = R® a © Hom R (N,R) where (pi,...,(p a form a free basis for 
R® a C Hom R (M, R). Let e\, . . . , e a £ R be the corresponding dual free basis for R® a C R in 
the initial direct sum decomposition of M. Since <px, . . . , (p a G D, we also have an induced 
direct sum decomposition D = R® a © (Hom fi (A^, R) (ID). 

If tp g D, we claim tp(N) C m. Indeed, supposing otherwise there exists n G iV with 
<p(n) = 1. Replacing tp by tp — YH=\ <p(ei)Vi, we may assume <p G H.om R (N, R) which we 
view as a subset of Hom^(M, R) via the projection M = R® a © A^ — y N . Thus, the inclusion 
Rn C N is split and induces a decomposition N = R@N' m such a way that the projection 
homomorphism M — y R is tp itself. Since tp G D, this is a contradiction and we conclude 
<p(N) C m for aU <p G D. 

Thus, with respect to the direct sum decompositions of M and D above, we have 

(me M\ tp(m) G m for all tp e D) = m® a © iV C R m © A^ = M 

(tpeD\ tp(M) C m) = m ea © (Rom R (N, R)nD)C R® a © {Rom R (N, R) n D) = D . 
In particular, both quotients are isomorphic to k® a so that we have 

£ R (M/(m G M | tp(m) G m for all tp g D)) = £ R (D/{tp e D \ tp(M) C m)) = o . 
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This shows the desired equality, as well as the equivalence with (a). 

To show equivalence with (b), let Hom^(M, R) = R® a @D' be a direct sum decomposition 
such that F® a C D and D' has no direct summand which is isomorphic to R and contained in 

D. If (p' l} . . . , ip' a , form a free basis for F®° C F C Hohir(M, R), then applying Hom^( , R) 

and using that M is reflexive gives a direct sum decomposition M = R® a © ffom^F/, R) 
where the projection homomorphisms onto the components of R® a are y>\ , . . . , <p' a , and 
FfoniR(F/, R) has no direct summand isomorphic to R inducing a projection map M — > R 
inside of D. Thus, we must have a' = a as desired. The equivalence of (b) and (c) is straight- 
forward. □ 

Corollary 3.7. Suppose S is a Cartier subalgebra on an F -finite local ring (R,m,k) with 
ra-adic completion R. Let S denote the induced Cartier subalgebra on R, i.e. S e is the image 
of 3> e under the natural map ^f — \ R ®r ^f = ^f for all e G Z>o. Then af = a 



e ' 



Proof. Since S e is the image of S e , it follows that If C\R — If. As m^ C If, we conclude 
ifR = If and so the statement follows from Proposition 13.51 (a). □ 

3.2. Existence. 

Definition 3.8. Suppose S is a Cartier subalgebra on an F-finite local ring (R, m, k). The 
semigroup of S> is the set T@ = { e G Z> | af ^ 0}, and the semigroup index of S is 
noj = gcd(r^). 

Lemma 3.9. Suppose S is a Cartier subalgebra on an F -finite local ring (R,m,k). Then 
Y$ is a subsemigroup of (Z>o,+), and n® = #(Z/Zr^) is the index in Z of the subgroup 
generated by T@. Furthermore, if (R, S) is F -regular, then n$ = gcd({ e G Z>o | S e ^ }). 

Proof. Since S is closed under multiplication and the composition of surjective maps is 
surjective, we have that T$ is a subsemigroup of (Z> , +) and thus also n@ = #(Z/Zr#). 
For the last statement, assume now that (R, S) is F-regular. It suffices to show that n® 
divides e whenever S e ^ 0. Let ^ ip G S e with ip(F^a) = b ^ for some a,b <E R. Using 
F-regularity, there is a <p G ^ e ' with </?(Ff 6) = 1 for some e' > 0. In particular, af, ^ so 
that n^> divides e'. Since (<£ • ip)(F£ +e a) = 1 it follows that a£_ e / 7^ and hence n^ divides 
e + e' as well. It now follows that n^ divides e as required. □ 

Remark 3.10. If ^ is a Cartier subalgebra on an F-finite local domain (R,m,k), then 
{ e G Z> I S e 7^ } is an alternative semigroup naturally associated to S>. However, 
this semigroup is not preserved when passing to quotients by ^-compatible ideals (cf. 
Lemma H~T1) . Furthermore, note that it is straightforward to construct examples where (R, S) 
is F-pure but n^ 7^ gcd({ e G Z> | S e 7^ }). 

Theorem 3.11. Suppose Si is a Cartier subalgebra on a d-dimensional F-finite local ring 
(R, m, k) . Then the limit 



. ., ^efd+aCR)) 1 ri mna l (d+a(R)) 

eer^ — roo /> v v " m — roc p »\ ■ v // 



e:nste and zs called the F-signature 0/ (F, ^) . 

Fem arfc 3.1 2. Note that af < rank(F e F) = p< d + a ( R » for all e > 0, so that s{R, 3>) < 1. See 
also [HL02J Corollary 16] and |Yao06t Theorem 3.1]. 
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The proof of Theorem 13.111 is based on a series of lemmas, the first of which also features 
prominently in subsequent sections. 

Lemma 3.13. Suppose (R,m,k) is a d- dimensional F -finite local domain and ip G ^ n = 
HoniR(i? 1/,pn , R) is a non-zero p~ n -linear map for some n G Z >0 . 

(a) There exists ^ h G R and an inclusion of R-modules li: R}' pn — y R®v n ' such 
that cokernel(/i) is annihilated by h and each of the p n ( d+a ( R )) (R-Unear) component 
functions i? 1//p ™ — y R of ll are R} I pn -multiples of (p. 

(b) Given h and \x as in (a), there exists for each m G Z >0 an inclusion of R-modules 
Li m : R l /p nm — y R®p n "' ' ' determined by li such that cokernel(yU m ) is annihilated 
by g = h 2 and each of the p nm ( d + a ( R )) (R-Unear) component functions R l / pnm — y R 
of /j, m are R 1 ^"™ -multiples of ip m . 

(c) For g as in (b), if ip G ^ nm for some m G Z>o, then g ■ ip is a R 1 ^"" 1 -multiple of ip m . 
In other words, there exists r G R with g ■ ip{ ) = p m {F^ m r ■ ). 

Proof. Let 5 = d + a(R). The field of fractions K of R has the property that K 1 ' pe is 
free over K. Furthermore the map p is a nonzero element, and hence a generator, of the 
one-dimensional K 1 ' pe - vector space Horn^-ft" 1 '*' 6 , K). This two properties hold also on an 
sufficiently small open subset of Speci?, hence we can find ^ c G R such that (R 1 ^ p ") c = 
(i? c ) 1//p ™ is a free i? c -module and p c generates HomR c ((i? c ) 1//p ", R c ) as an (i? c ) 1//p "- module. 
In particular, for any ip G ^ n , there is a sufficiently large N^ (depending on ip) such that 
c ( N i>) . ^ is an i? 1 ^™ -multiple of ip. Since R l l pn is a torsion-free i?-module of rank p n5 , one can 
further assume that we have an inclusion of i?-modules v. R}l pn — y r®p™ w hich becomes 
an isomorphism after localizing at c. Thus, setting 

^ R i/P n J^ R ®P nS _^_> #&" 

for M ^$> 0, we may assume that each of the p nS (i?-linear) component functions R l l pn — y R 
of ll are i? 1//p "-multiples of if and also that cokernel(/x) is annihilated by h = c N for some 
N ^> 0. This gives (a). 

Let us now show how to iterate li to get an inclusion it, m : R l l pmn — y R®P nm for all m G Z >0 
where cokernel(/x m ) is annihilated by g = c 2N and each of the component functions of Li m 
are i? 1//p " m -multiples of ip m . We begin by setting ll\ := li and recursively define /i m+ i : = 
(li® p " ) o (fim ), so that we have 



u 1/p ™ „ u®p nS 



Rl/p ( m +l)n ™ > /£,l/p^©p™>™> r > R9p 



n(m-\-l)S 



Mm+1 



Arguing inductively, we may assume cokernel(/i m ) is killed by c and the component func- 
tions of ii m are all i? 1//pm "-multiples of (p m . Thus, we have that cokernel(/Xm ) is killed by 
c 2N/p n ^Jp i s R}/p n -linear) and hence also by c N . As cokernel(yu) is annihilated by c N , it 
follows immediately that cokernel(/i m+ i) is annihilated by c 2N . Furthermore, the component 
functions of Li m +i are R l / pn "' ! -multiples of p m+1 as they are compositions of the compo- 
nent functions of Lim (which are multiples of {ip m ) x ' pn ) with the component functions of li. 
This gives (b). 

li 



Finally, suppose now that ip G Hom^(i? 1//pnm , R) for some m > 0. Then (7 • ip must factor 
through fj, m as (7 annihilates cokernel (/i m ), and hence g-ip can be written as an .R-linear combi- 
nation of the component functions of fj, m . In particular, we have that g-ip is a i? 1,/pnm -multiple 
of p> m for all V e Hom fl ( J R 1 / pnm , i2) . D 

Lemma 3.14. Suppose 3> is a Cartier subalgebra on a d- dimensional F-finite local domain 
(R,m, k). Set 5 = d + a(R) and s% = 0j = ^t-Jr{R/I§) for all e' G Z >0 . If + <p G % 
for some e G Z >0; then there exists a positive constant C v G Z >0 (depending only on ip) such 
that 

s e i v s e , +be + —r 
for all e' G Z >0 and all b G Z >0 . 

Proof. By Lemma 13.131 (a), there exists / ft 6 E and an inclusion /i: -F 6 i? — > R® p " 
of -R-modules where h annihilates cokernel(/i) and the component functions of /i are each 
_F 6 .R-multiples of ip. In particular, each of these component functions is in <%,, and it follows 

from Lemma [33 that /i(F„f7 e / +e ) C J® p for all e' G Z >0 . Thus, /x induces a homomorphism 
of -R-modules F%(R/lf l+e ) — > (R/lf)® pe whose cokernel is once again annihilated by h. In 
particular, since mi pE 1 C if,, this cokernel is a quotient of (R/(h, m^ e l)) epe . Let D be a 
positive constant such that £ R (R/{h, m^" ')) < -Dp 6 * d_1 ^ for all e' G Z >0 . It follows that 

p* s £ R (R/I®) = £ R ({R/If,^ 

< in {F:(R/lf +e ))+£ R ((fl/fom^]))**' 

< p ea ^) £ R (R/lf +e ) + Dp eS+e '( d -^ 

and dividing through by p e5+e d gives 

*? = ps i*wi) ± -^m '*(*/«*) + p = *? +e + p • 

Iterating this inequality now gives 
Thus, setting C^ = 2D, we have 



• S ' 7 ' - S e'+6e + ^7 I 1 _ j_ I - V +6e + ^7 I 1 + e _ 1 ) - S e'+6e + ^ 

as desired. D 

Before proceeding with the proof of the existence theorem we now quickly show that the 
.F-signature is zero if (R, @) is not F-regular. 

Lemma 3.15. Suppose S> is a Cartier subalgebra on a d-dimensional F-finite local ring 
(R, m, k) . If (R, @) is not F -regular, then there exists a positive constant C G Z>o such that 

a? 1 C 

p e(d+a{R)) = ~^d^ R W e ) - ~T 
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3 
Qj 

for all e G Z >0 . In particular, s(R, 3>) = lim — -. 6 . = 0. 

Proof. As (R, @) is not F-regular, there is some c G R not contained in any minimal prime 
with c G 7f for all e G Z >0 . In particular, £ R (R/lf) < £ R (R/(m^\c)) < Cf {i ~ 1] for some 
positive constant C. Dividing through by p ed gives the desired inequality, and it follows 
immediately that the limit s(R, 3>) = liniegrg, ^d+k(Bfi exists and equals zero. □ 

Proof of Theorem{3JH Set 5 = d + a(R) and sf, = ^ = -^ £r(R/ 'if,) for all e' G Z >0 . 
By Lemma 13.151 above, we are free to assume that (R, &>) is F-regular so that R is in fact 
a domain. Let ei, . . . , e t G Z be a set of generators for T^ and M ^> so that mra^ G T^ 
for all m > M. For each % = 1, ...,£, choose a non-zero p _ei -linear map y>j G f^ ei . By 
Lemma 13 .141 there exists constants C w G Z >0 with s^ < sf, +be . -\ — ^- for all e', 6 G Z >0 . Let 

D = maxjC^, . . . , C Vt } and set C = 2D. Consider now any e G F@, and write e = ^2 i=1 b^ 
for some bi G Z> . We have 

S e> ^ S e'+b iei + e / 

< s® + R(l + J- 

^ 6 e'+biei+6 2 e 2 ^ e / I -L ^ 6iei 



< s® I ^ f 1 I 1 I I 1 1 < S * +^ 



' e ' +feiei+ ... +fetet -r ^ e , I -l -r ^ 6i -r t ^ 6iei+ ... +6t _ iet _ 1 I - °e+e' ^ e 

In particular, if mi G Z>o and m.2 G Z>m, we have 



Considering mi fixed and letting m 2 — >■ oo, we may conclude 

s m,77i < hminf s£L -\ 

mini — mnj „raina 

m — foo p J 

for all m x G Z >0 . Now, letting m x — > oo gives 



lim sup s mn ^ < liminf s mn ^ 

rr» ?rYi ""^ TOO 



from which it follows that the desired limit 

a 9 n° J 
lim s @ = lim ^^ = lim — = s(R &\ 

exists. D 

Remark 3.16. While Theorem 13.111 recovers the existence results of |Tucll] (using similar 
methods), the above proof is notable in that it does not make use of Hilbert-Kunz multiplicity. 
Nonetheless, a posteriori, the following result follows immediately from [Tucllt Corollary 3.7] 
after establishing the existence of the F-signature limit. 

13 



Corollary 3.17. Suppose S is a Cartier subalgebra on a d- dimensional F-finite local ring 
(R,m,k). Then 



1 



8(R,9)= Jim — d e HK {lf) 



3.3. Positivity. The main result of this section, stated immediately below, is an important 
justification of our generalized definition of F-signature. 

Theorem 3.18. Suppose S is a Cartier subalgebra on a d-dimensional F-finite local ring 
(R, m, k). Then the F -signature of (R, &) is positive if and only if (R, S) is F -regular. 

Remark 3.19. The above Theorem recovers and vastly generalizes the result of I. Aberbach 
and G. Leuschke in |AL03j showing that the positivity of the F-signature of a ring is equiv- 
alent to F-regularity. Even in this classical setting, however, our proof is inherently quite 
different. Nevertheless, many of the ideas to follow are rooted in the arguments they present. 

If R is a domain, recall that R + denotes the absolute integral closure of R, i. e. the integral 
closure of R inside an algebraic closure of its fraction field. Before proceeding, we first state 
a needed result of M. Hochster and C Huneke, |HH91[ Theorem 3.3], whose proof relies 
heavily on the use of tight closure techniques. Our formulation varies from their precise 
statement only in that we explicitly identify (by tracing through the original argument using 
a fixed system of parameters aq, . . . , x<j) the constant /3 which is merely stated to exist in 
their presentation. 

Theorem 3.20. [HH9l[ Theorem 3.3] Let (R,m,k) be a complete local domain and v a 
Q-valued valuation on R + non-negative on R (and, hence, on R + ) and positive on m (and, 
hence, on m 4 ^. Suppose that x\, . . . ,Xd is a system of parameters and set (3 := minj z/(:Ci) . 
Then there exists a positive integer r such that for every element u of R + with v(u) < /3 
there is an R-linear map 0: R + — > R where Q(u) $. m r . 

The main ingredient in the proof of Theorem 13.181 is the following result, which should be 
compared with |Abe01t Proposition 2.4]. 

Theorem 3.21. Suppose (R,m,k) is a d-dimensional F-finite complete local domain and 
^p E c to n = Hom^(i? 1//pn , R) is a non-zero p~ n -linear map for some n G Z >0 . Then there exist 
r, eo G Z >0 with the following property: for each m G Z >0 , every ideal J with Lp m (J l / pmn ) C m r 
satisfies J C m^ n ~ e ^ . 

Proof. Let ^ g G R satisfy the conclusion of Lemma [3. 131 (c) for <p, so that for all m G Z >0 
and ip G ffnm = Hom^(i? 1//p " m , R) we have that g ■ ip is a i? 1//p " m -multiple of (p m . Following 
the argument of |Abe01t Proposition 2.4], set f(x) to be the largest power of m containing 

a given x G R and put f(x) = lim n ^ -f(x n ). By the valuation theorem of Rees [Ree88} 

Theorem 4.16], there exists a finite number of Z- valued valuations vi, . . . , v m on R which are 
non-negative on R and positive on m together with positive rational numbers Aq, . . . , N m 
such that f(x) = mm i i , i (x)/Ni. Further applying |Ree88t Theorem 5.32], there is a constant 
L G Z> such that f(x) < \_f{x)\ < f(x) + L for all x G R. In particular, f(x) > f(x)—L—l. 
We can find a system of parameters x\, . . . ,xa of R such that /% := minj Vi{xj) > i>i(g) 
for all i. Indeed, since each z/j is positive on m, this can be achieved by taking sufficiently 
large powers of any given system of parameters. Now, each z/j extends (non-uniquely) to a 
Q-valued valuation (also denoted z/j) on R + which is non- negative on R + and positive on 
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m + . For each V{ and 0i, we can find ri G N satisfying the conclusion of Theorem 13.201 Set 
r := maxjrj. 

Claim. li h E R satisfies ip m ({hR) l l pnm ) C m r for some m G Z>o, then for all i we must have 
Ui(h) > (A - Vi{g))ir m . 

Proof of Claim. Suppose, by way of contradiction, there is some index i for which we have 
Vi(h) < (fit - Ui(g))p nm . Then it follows that Vi{{g pnm )h) < (3 iP nm , and taking p nm -th roots 
yields Vi(g(h 1 / pnm )) < /3«. From Theorem 13.201 above, there is an .R-linear map O: R + — > 
R with 9(^(/i 1 / p " m )) G" m r (since m r C m ri ). Now, G^w- G Hom i? ( J R 1 /p' ira , i2), whence 
^ • 0|_Ri/ P »m = y m • r 1 ' pnm for some r £ R (by the construction of g> above). However, we then 
arrive at the contradiction Q{g(h l ' pnm )) = p m {{hr) l ' pnm ) G p m ({hR) l / pnm ) C m r . 



To conclude the proof of Theorem 13. 21[ suppose now that J is an ideal with <p m (J 1 ' p m ) C 

AT* 



m r for some m G Z>q. Let a = minj ^ ■ For any ft, G J, it then follows from the above 



Claim that 



/(/i) > f (ft) - L - 1 = min ^& - L - 1 > ap nm - L - 1 



Choosing eo G Z >0 sufficiently large, we have \j> nm e °J < max{0, ap nm — L — 1} for all 
m G Z >0 . It now follows that J C m^™" 1 e °J for all m G Z >0 . D 

Proof of Theorem \3.18\ . By Lemma [3.151 we need only show s(R, 3$) > assuming (R, @) 
is F-regular. Furthermore, using Lemma 13.71 the statement reduces immediately to the case 
where R is a complete local domain. 

Since (R, St) is also F-pure, fix a surjective p _n -linear map <p G @ n for some n G Z >0 . For 
any e G T^, we have mn — e G T^ for some m ^ (so that S'mn-e contains a surjective 
map). It follows that I® n C i^ n _( mn _ e ) = -f«f by Lemma EP1 Now, as (R,@) is F-regular, 
we may conclude 

o=p*=n/f= n j f=n j -- 

e>0 eerg, m>0 

In addition, using that <p is surjective, we see the sequence of ideals {/f m } m a >0 is non- 
increasing. Thus, by Chevalley's Lemma, this sequence is cofinal with the powers of m. 

Let r, eo G Z >0 satisfy the conclusion of Theorem 13.211 for ip, and fix m G Z >0 with 
Co C m r . This implies that ^ m ((/^ m+mo) ) 1/p " m ) C /f mo C m^ for all m G Z >0 by Lemma 
so by Theorem 13.211 we conclude P^r m+m \ Q m^ pmr ' e °J for all m G Z >0 . Thus, we have 



CD a>\ V a n(m+m ) r ^R^/Ki 

s(R,&) = hm - ? — 1— — A— = km 



v ^rafm+moXd+af-R)) v r ,n(m+mo)d 

in — roo p v ' v v " m — roo ^ v ' 

„n(m+mo)tl 

1 e(i?) 



> lim v '-, , — ^ = -, — -v; lim 



jinfm+mnltl „(nmo+en)cl > ri (nm—eo)d 



p(nm +eo)rf ^1 



> 



where e(i?) > 1 denotes the Hilbert-Samuel multiplicity of R. □ 
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4. Applications 

4.1. F-splitting ratio. Suppose S> is a Cartier subalgebra on a d- dimensional F-finite local 
ring (R, m, k). When (R, 3>) is F- regular, the F-signature precisely characterizes the growth 
rate of the F-splitting numbers af . However, when (R, S) is not F-regular, s(R, S) = 

lim ee r a e (d+ a (R)) — merely gives a (crude) upper bound. The aim of this section is to give a 



p 



precise characterization of the asymptotic behavior of af for e ^> 0. The main idea is rather 
simple: Cartier subalgebras make it possible to pass to the appropriate quotient ring. We 
begin with a Lemma facilitating this transition. 

Lemma 4.1 (cf. [Sch09aJ). Suppose S is a Cartier subalgebra on an F -finite local ring 
(R, m, k). If J C R is a S -compatible ideal and Sj is the induced Cartier subalgebra on R/J 
as in Definition \2.10[ then lf J = if j J and af J = af for all e G Z >0 . In particular, we have 
T&J = Y $ and n@j = n®. 

Proof. Fix e G Z >0 and consider r + J G (R/J). Since we have <p(F*r) + J = (pj(F^(r + J)) 
for all ip G S e and also [Sj) e = { fj \ f G S e }, it follows that 

r G If <^> fi^r) G m for all if G S> e 

& <pj (F:(r + J)) em/ J for a \\<p j e(@j) e & (r + J) G if' 

and in particular if 3 = if j J (note that If contains every proper ^-compatible ideal). 
Thus, we may conclude that af = p ea ^ R H R (R/lf) = p ea ^ J H R/J (R/J j if /J) = af J and 
so also both Yg } = Y $ and n^ 3 = n$ as well. □ 

Theorem 4.2. Consider a Cartier subalgebra 3> on an F -finite local ring (R, m, k). Suppose 
(R, S) is F-pure with F -splitting prime P$. Then the limit 

$ & 

r F (R,S) = lim ———^———= lim 



exists and is called the F -splitting ratio of (R, 3>) . Furthermore, if Sp aj denotes the Cartier 
subalgebra on R/Pg> induced by S> as in Definition \2.10L we have 

r F (R,3>) = s(R/P.j,S Ps ) 

so that, in particular, the F -splitting ratio satisfies < r F (R, S) < 1. 

Proof. From Lemma 12.131 we have that (R, S) is F- regular and by Lemma 14.11 we have 

r F (R,S) = lim - -£ — - = lim , G l — = s(R,S) ■ 

V ' eel>— >-oo p e(dim(R + a(R)) e6 r_— >-oo p e(dim(R+a(R)) v > 

In particular, Theorem 13. Ill gives that the limit under consideration exists and Theorem 13. 181 
further implies < s(R, Si) < 1. □ 

Corollary 4.3. Suppose R is an F -finite local ring. If R is F-pure with F -splitting prime 
Pr, then 

„R 



r F (R) = lim ^ {Q{m ^ mlR/P ^ > 0. 
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e —^ OB p e(a(R)+dira(R/P R )) 



Corollary 4.4. Suppose (R, m, k) is an F -finite local ring and & is an F-pure Cartier 
subalgebra on R with F-splitting prime P@. Then the limit 

lim ° gp(le = dim(R/Poj) + a(R) G Z> 

exists and is a non-negative integer. 

Definition 4.5. Suppose (R,m,k) is an F-finite local ring and @ is an F-pure Cartier 
subalgebra on R with F-splitting prime P@. The F-splitting dimension of (R,3t), denoted 
sdim(F, 3>\ is the common value of the following equivalent expressions: 

a? 1 Aoe; a 9 

J% ^m > ° (d) J% I " n( /?i 



(a) sup <^ <5 G R 

(b) max < 5 G Z 



Note that the equivalence of (a) - (d) follows immediately from Theorem l4.2[ and in particular 
the expression in (a) takes only integer values. 

Remark 4.6. The F-splitting dimension of a local ring R is simply the F-splitting dimension 
of (R, < io R ) and was first introduced by I. Aberbach and F. Enescu (AE05J using the charac- 
terization in (b). The equality of (b) and (c) in this case gives a positive answer to [AE05, 
Question 4.9]. 

4.2. F-graded systems of ideals. In this section, we develop additional tools for the 
computation of F-signature. In particular, we develop methods for computing F-splitting 
numbers by studying certain colon ideals on regular rings, similar to |Fed83j Lemma 1.6]. 
This Fedder-type criterion makes use of F-graded systems of ideals as defined in |Bli09j . 

Definition 4.7. Suppose (S,n,l) is an F-finite local ring. A F-graded system of ideals of 

S is a sequence of ideals b. = {b e } ee z >0 such that bi b L C b e+ i for all e, I G Z> . To avoid 
pathologies we will assume that bo = R and b e ^ for some e > 0. 

Remark 4.8. Recall that a (standard) graded system of ideals (cf. [ELSOll Definition 1.1]) 
is a sequence of ideals a. = {a n } n€ z >0 such that a n a n > C a n+n i for all n, n' G Z> . This 
naturally gives rise to a F-graded system by taking b e = a p e_ 1 . Roughly speaking, this 
F-graded system keeps track of a n for large values of n which are not divisible by p. 

Lemma 4.9. If (S,n,l) is an F-finite local ring, then every F-graded system of ideals b. of 
S defines a Cartier subalgebra ( rf b - = © e > (^ b *) e on S by setting (^ b *) e := tff ■ F^b e for all 
e G Z> . If in addition S is Gorenstein, then every Cartier subalgebra 3) arises uniquely in 
this manner. 

Proof. It is immediate to check that ^ b * is closed under multiplication in c ^ s , giving the 
first statement (cf. [SchlObt Lemma 4.1]). For the latter statement when S is Gorenstein, 
one simply makes use of the fact that ^ e 5 = Kom.g(F^S,S) = F^S as F*S- modules as in 
Example EH □ 

Definition 4.10. If (S, n, I) is an F-finite local ring and b. is an F-graded system of ideals 
of S, the F-splitting numbers of (S, b.) are simply the F-splitting numbers of the associated 
Cartier subalgebra ^ b * on S as in Lemma 14.91 One defines the F-signature, F-splitting 
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prime, and F-splitting ratio of (S, b,) in a similar manner. We shall connate the pairs (S, b.) 
and (S, < Tt? b ') in the notation and terminology appearing throughout. 

Example 4.11. The two main examples of F-graded systems we will make use of are the 
following. 

(a) If J is any non-zero ideal of S, set b e = (J^ : J) for all e > 0. In case S is in fact 
regular, as we shall see in Corollary 14. 14[ studying this F-graded system is essentially 
equivalent to studying the F-splitting properties of R — S/J. 

(b) If a is any non-zero ideal of S and t G M>o, we may consider b e = aW*- 1 )! f or a n 
e > 0. This F-graded system is closely related to the notion of a' -tight closure for 
ideals in S as in [HY03J : see also [Sch08| and Section 14.3. II below. 

Lemma 4.12 (c/. |Fed83j ). Suppose (S, n, I) is an F -finite regular local ring and b. is an F- 
graded system of ideals in S with associated Cartier subalgebra Qi = < ^ 7fa * as in Proposition ^. 9[ 
Then we have 



b 

a e 



• = of = p ea{s) £ s (S/(n lpe] : b e )) = p ea{s) £ (be/{b e n n [pe] )) 



for all e > 0, which also equals the maximal number of copies of S in a direct sum decompo- 
sition of S 1 ^" as an S -module that are contained in b 1//pE . Furthermore, we have 

A. := P® = PI (n M = M 

e>0 

and an ideal J C S is ^-compatible if and only if b e C (j[ pe l : J) for all e > 0. 

Proof. Let $ be an S' 1//p -module generator of Honi5(S' 1//p , S*) = ^j 5 . Since S 1 ^" is a free 
S'-module and $ e is an S' 1//pe -module generator of Hom^S" 1 /^, 5) = ^f, it follows that for 
all ideals J, J C S one has 

$ e (/ 1/pe ) CJ « ^(/ 1/pG ) C J for all <p G K 5 «• /1/pE £ J5 1/pe «■ / C J [pe] 

for each e > 0, see |Fed83t Lemma 1.6]. In particular, 

x G if <* $ e ((xb e ) 1/pe ) C n & xb e C n [pe] <* x e (n [pe] : b e ) 

so that if = (n^l : b e ) for all e > 0. Thus, we have Poj = n e>0 lf = n e>0 (n[ pe l : b e ) 
and af = p ea{ - s H s {S/lf) = p ea ^ £ s (S/(n^ : b e )). Now, by construction, the S^-linear 

isomorphism ^f — > S l ^ p& given by sending $ e \— > 1 identifies 5? e with b e . Thus, by 
Proposition 13.51 (b), we also have that af equals the maximal number of copies of S in a 
direct sum decomposition of S l l pe as an S'-module that are contained in b 1//pe . Moreover, 

$ e (x 1/p£ • _) G ®T <S> x G b e and $ e ((x) 1/pE ) C n <=> x G b e n n [pe] 

so that the above isomorphism identifies 5?" s with (b e D nt pe ') 1 / pe . It follows that af = 
£ s {@e/@T) = £ s (bl /pe /(b e n n^) 1 ^) = p ea(s 1 £ (b e /(b e n n^)). Lastly, we may conclude 
that J is ^-compatible if and only if we have 

$ e ((b e J) 1/pe ) a «* yc j[ pe i <=> b e c (j[ pe i : J) 

for all e > 0. □ 
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Theorem 4.13. Suppose (S, n, I) is an F -finite regular local ring and R = S/J is a quotient 
ring for some non-zero ideal J in S . Then every Cartier subalgebra & on R gives rise to an 
F -graded system b, of ideals in S such that b e C ( J^ : J) and 

^a e (R, 9) = -^a*- = is (S/(n^ : b e )) = i s (b e /(b e n n^)) 

for all e G Z>o. In addition, we have 

Poj = P,.-R= (f|(n^:b e )) R 

\e>0 / 

so that sdim(F, &) = sdim(S', b.) and r F (R, Of) = r F (S, b.). 

Proof. For each e > 0, if we have ip G ^f with <^(J 1//pe ) C J, we will denote the induced 
p~ e -linear map on R = S/J as in Definition 12 . 1 01 by ipj. Letting 

@ e = {<pEtf e S \ <p(J 1/pe ) CJand^jG^}, 

it is easy to see that *3) = © e >o^ e is a Cartier subalgebra on S by using that @ is a Cartier 
subalgebra on R. Using Lemma 14.91 3) comes from an F-graded system of ideals in b. on 
S. Note that J is ^-compatible, so that b e C ( jM : J) for all e > by Lemma fl~T2l By 
Lemma 14.11 we have af = af = a° e ' and Pg = P^ ■ R = F b . ■ R, so the remainder of the 
Theorem follows immediately from the calculations shown in Lemma 14.121 □ 

Corollary 4.14 (Fedder-type criterion for F-splitting numbers and F-signature) . If (S, n, I) 
is an F -finite regular local ring and R = S/J is a quotient ring of dimension d for some 
non-zero ideal J, then the F -splitting numbers of R can be computed on S as 

^a e (R) = i s (S/ ( n W : (J^ : J))) = i s ((J^ 1 : J)/ ((> e] : J) n n^)) . 

In particular, F -signature of R can be expressed as 

s{R) = hm \- d i s (S/ (n^ : (jW : J))) = lim -l/ s ((J M : J)/ ((J b1 : J) H n^)) . 

e — ^oo P e — ^oo P 

Proof. The Corollary follows at once by taking &j = C £ R in Theorem 14.131 □ 

Corollary 4.15. Suppose (S,n,l) is an F -finite regular local ring of dimension n. If a is a 
non-zero ideal and t G M>o, then all ideals of S are a 1 -tightly closed (see [HY03JJ if and only 
if 

8(5,^)= lim l-(S/(n^:aW pe -^))= lim -L (a^" 1 )!/ (a^-Dl n n^)) > . 

e — )-oo p e — }oo p 

Proof. Using the results of |BSTZ10l Section 3.1], the Corollary follows at once by taking 
the F-graded system from Example 14.111 (b). □ 

Remark 4.16. More generally, if Oi, . . . , a s C S are non-zero ideals and ti, . . . , t s G M>o, then 
the sequence of ideals b e = (o[ ~ ) • • • (oi ~ ) forms an F-graded sequence. When S 
is regular, the analogous statement to Corollary 14.151 is valid for s(S, o* 1 • • • o* s ). 
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pea(R) 



4.3. Examples. 

4.3.1. Divisor pairs and triples (R, A, a 4 ). We have repeatedly seen above how Cartier sub- 
algebras arise naturally in the context of a change of rings. Furthermore, in Example 14. 1 1( b) . 
we have shown how they can be used to study pairs (R, a*) where a C R is an ideal and 
t G R>o- Let us now discuss how Cartier subalgebras can also be used to study the divisor 
pairs that appear throughout birational algebraic geometry. We refer the reader to [STll} 
Appendix B] for a brief algebraic summary of the divisor notation used below. 

Suppose that (R, m, k) is an F-finite local normal domain and A is an effective IR-divisor 
on Spec(-R). For each e G Z> , we have an inclusion R C R(\(p e — 1)A~|) (using A > 0) 
where R(\(p e — 1)A]) denotes the global sections of Os P ec(R)(\(p e — 1)A~|). In particular, we 
may view 

Eom R (F:R(\(p e - 1)A]),R) C Kom R (F;R,R) = % R 

and define 

tf e A = Rom R (F:R(\(p e -l)A]),R) . 

Again, it is straightforward to check that ^ A = ® e >$> A * s indeed a Cartier subalgebra. If in 
addition we are given a non-zero ideal aCiJ and a coefficient t G M>o, we can incorporate 
the F-graded system in Example 14.11( b) as well. Specifically, setting 

gives rise to yet another Cartier subalgebra ^ A,tl = © e >o^ e A ' a • As before, we shall conflate 
(R, A) and (R, A, a 4 ) with corresponding pairs (R, ^ A ) and (R, ^ A ' a ), respectively, in the 
notation and terminology appearing throughout. 

A number of variants on the Cartier subalgebra ( tf A ' a appear throughout the literature. 
For example, one might consider replacing \(p e — 1)A] with [p e A] and a^^ e_1 ^ with a^l 
in the construction above. The subsequent Cartier subalgebra may in fact be quite different; 
it often happens that the former is F-pure while the latter is not. Nevertheless, it follows 
from the Lemma below that their F-signatures coincide. 

Lemma 4.17. Consider a Cartier subalgebra & on an F -finite local ring (R,m,k) with 
dimension d. Suppose that $ ' C <$ is another Cartier subalgebra with the property that there 
exists c G R not in any minimal prime satisfying *2i e ■ F^c C <§ e for all e > 0. Then 

s{R,@i) =s(R,£) 

Proof. The inclusions *2i e ■ F^c C <§ e C Ql e immediately give 

If C If C { r G R | <^(F; e (cr)) G m for all <p G % } = (if : c) 

for all e > 0. Thus, we have 

Ulfllf) < in ((If ■ c)/lf) = in (R/(lf, c» 

by noting that the kernel and cokernel of the endomorphism R/lf — — >■ R/lf have equal 
length (cf |Vra08l Page 8]). As m^ C If and dim(i?/(c}) < d, there exists a positive 
constant C such that 

Wf/If) < in (R/(lf,c)) < l R {R/{mW c )) < Cp< d ^ 
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for all e > 0. If we set n = n^ng, it follows that 

1 

m — roo p m — Too y 

as desired. D 



8{R,9)= lim £ R (R/I®J= lim £ R (R/I*J = S (R, g ) 



Remark 4.18. We caution the reader that it is not possible to replace the F-signature by the 
F-splitting ratio in Lemma 14.171 

Lemma f4. 171 is particularly useful when computing the F-signature of the triples (R, A, a 4 ) 
considered above. As mentioned previously, taking a non-zero c G a^ with div(c) > A gives 

ca Wp e -i)l c a^ C a^ pe -^ and R(\(p e - 1)A]) C R(\p e A]) C c -R(\(p e - 1)A"|), so that 
we are free to consider the Cartier subalgebra 



?e>0 



Rom R (F:R(\p e A]),R)-F:a^ e 



when computing s(R, A, a*). Alternatively, recall that the integral closure of a with coefficient 
A G R>o is denoted a A , and we have x G a A if and only if v(x) > A • i/(o) for all valuations 
v. Frac(F) \ {0} — > Z with v{R) > 0. It is immediate that a A = UA<«eQ^ r > an< ^ the 
Noetherian property of R implies that this union stabilizes for some /i G Q (see |HS06[ 
Section 10.6] for a detailed treatment in this setting). The tight-closure Briangon-Skoda 
theorem (see [HH901 Theorem 5.4]) implies the existence of a non-zero c G R such that 
c ■ a*( pe_1 ) C a^^ e-1 ^ C a'( pe_1 ) for all e > 0, so that we might even consider the Cartier 
subalgebra 

© e > Hom fi (F^([(p e - l)A]),R) ■ F: ( tffe^ ) 

when computing s(F, A, a*). 

We conclude this subsection with the computation of the F-signature of a fundamentally 
important divisor pair. 

Example 4.19. Suppose that R = k\x\, . . . ,x n J where k = k p is a perfect field. Consider the 
IR-divisor A = t± div(xi) + ■ • • + t n div(x n ) where U G [0, 1). It is straightforward to see that 
s(R, A) = s(R, (xi)' 1 ■ ■ ■ (x n ) tn ). By Remark KM we have 

s(R,A) = lim ±l R (R/«rf,...,tf):xW- 1 *...xW-WJ) . 

e — ^oo P V ' 

Since p e — |~£jQo e — 1)] = [(1 _ ^)p e + ^J , we have 

f/ r P e r P £ \ . T rtl(P e -l)l . . . T [t„( P e -l)h _ / T L(l-*l)p e +*lJ T L(l-tn)p e +tnJ\ 

IX-^l ; • • • ) x n / • "H ^n / — \ x l ) • • • ' x n / ■ 

Thus, we compute 

n 

i R (i?/((xf, . . . ,< e ) : zW- 1 * ■ • •4'" (pe - 1)1 )) = IIU 1 - ^> 6 + *'J 

in order to conclude 

s(R,A) = (l-t 1 )---(l-t n ). 
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4.3.2. Whitney's Umbrella. We show in this example that the F-splitting ratio of a local 
ring may be strictly smaller than the F-signature of the quotient by the F-splitting prime. 
Assume p ^ 2 and consider the two dimensional local ring 

R = ¥ P lx,y,zj/(x 2 -y 2 z) . 

HS = F p [x, y, z\ and R = R/P R , we will show r F {R) = 1/2 while s(R) = 1. Set $ : F*S -» S 
to denote the homomorphism mapping F*(x p ~ 1 y p ~ 1 z p ~ 1 ) h-> 1, and all of the other monomials 
in the free basis {-F*(£yz fc )}o<i,j,fc<p e -i of the free S'-module F*S to zero. If / = x 2 — y 2 z, 

then $(i^/ p_1 ■ ) induces a homomorphism (p G Hohir(F, < Fl, R) such that C £ R = ^^ . In 

other words, ip e is an FfF-module generator for Rom R (F^R, R) for all e > 0. Since 

pp-l _ (P ~ Aj-1,ji-1>-1)/2 



/p- 1 = r Ja^-V" ^~ j/ mod (a; p ,2/ p ) 

and ( p ~ ) 7^ mod p, it is easy to see that (x,y) C i? is ^-compatible thus inducing a map 
9? G Hom^F.F, R). Now, the (total) Cartier algebra of the ring R = k{x, y, zj/(x, y) = k\z\ 
is generated by the map which sends F*z p ~ l to 1 and the lower order monomials F*z l to zero 
for < i < p — 1. It is easy to see that Tp sends F^z^ 1 ^ 2 to 1 and all other F*z l to zero for 
< i < p - 1, i ^ 2=i. Thus, the Cartier subalgebra <jfV2div(*) c <^ fc M coincides with the 
Cartier subalgebra generated by Tp. Since (fc[z]|, \ div(z)) is F-regular, it immediately follows 
that Pr = (x,y) ■ R is the splitting prime by Lemma [2.131 c f- !Sch09a| . Furthermore, from 
example Example 14.194 we see that 

r F (R) = r F (R, W) = r F (R,Zp) = r F (%], l - div(z)) = s(fc[z], ~ div(*)) = \ . 

In particular, we have r F {R) = 1/2 < 1 = s(A;[z]) = s(F). 

4.3.3. ^4 ramified cover of the cusp in characteristic three. Consider the ringp 

R = F 3 [a, 6, c, d]/(a 3 c 2 - 6 2 c 2 + c 3 - d 2 ) 

so that F = S/(h) where S = F 3 [a, b, c, dj and /i = a 3 c 2 - b 2 c 2 + c 3 - d 2 . Since 

/, 2 = a 6 c 4 + aW + 6 4 c 4 - a 3 c 5 + b 2 c 5 + a 3 c 2 d 2 + c 6 - b 2 c 2 d 2 + c 3 d 2 + d 4 £ (a 3 , 6 3 , c 3 , d 3 ) , 

we see that R is F-pure using Fedder's criterion |Fed83j . As in the previous example, F*h 2 
corresponds to a generator tp of Hoitir(F*.R, R) via [Fed83], so that C € R = ( tf ip . It is easy to see 
that P = (c,d) C. R is "^-compatible, and the induced map Tp E Hom-^FtF, R) on R = R/P 
corresponds on R = F 3 [a, 6] to pre-multiplying a generator of Hom-^(F*i?, R) by F^(a 3 — 6 2 ) 
(this is the coefficient of c 2 d 2 in the expression for h 2 above). Thus ff^ = ^2 dlv ( a ~ b ). Now, by 
JMTW051 Example 4.3], c/. JTW041 iHerTT] . the F-pure threshold of a 3 -b 2 in characteristic 3 
is I and so it follows that (F 3 [a, bj, | div(a 3 — 6 2 )) is (strongly) F-regular. We conclude that P 
is the splitting prime of R, and r>(F) = r F (R,^) =r F (R^) = s(F 3 [o, 6], ±div(a 3 -& 2 )). 
Let us now compute s(F 3 [a, 6], \ div(a 3 — b 2 )) = 1/6 by taking a pair of finite covers. First 
set A = F 3 [a,6] C F 3 [a,d = b 1/3 j = F 3 [a,d] = F, and notice that a 3 - b 2 = a 3 - d 6 = 



1 Using Macaulay2 |GSj . one can check R = F 3 [x, y, z 2 - x 3 + y 2 , z(z 2 - x 3 + y 2 )\ C F 3 [a;, y, zj 
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fa — d 2 ) 3 . Since B is a free A-module of rank 3, we see that 



A \ 1 / 5 

-3^ | - — «B 



(a 3e ,6 3e > . ( G 3 _ &2) rf iy 3 V(« 3 %^ + ) = (a - d 2 ) 3 ( 3e +D/ 2 
Now consider I? C W^a, d, c = (a — d 2 ) 1 / 2 ] = F e [d, c] = C and observe that 



A \ 1 . / C 



c 



(a*^) . (a 3_ 62) rfiy 6 ° V((c 2 + rf 2 ) 3e ,rf 3e+1 ) : c 3e+1 + 3 

Writing n = ((c 2 + d 2 ),d 3 ) and thus n' 3 ^ = ((c 2 + d 2 ) 3e ,d 3e+1 ) for ease of notation, it is 
straightforward to check n : c 3 = (c, d) . Now, note that replacing c 3 " +3 by c 3 " in the 
formula above gives 

n [3l :c 3^ =(n:c3) m = (c 3^3y 

Thus, we compute 

n [3l . ^+3 = (n [3«] . c 3°+^ . c 3 = (c 3^3^ . J = (^-3^ 

so that we have 

£ A ( 7WT I = - ((3 e - 3)(3 e )) = - (3 2e - 3 e+1 ) . 

\(a 3 %V e }:{a 3 -b 2 y%y 6 U A ;; 6 V > 

Now, using Corollary 14.151 together with the discussion following Lemma 14.171 we conclude 
that 

r F (R) = s(a,- div(a 3 - b 2 )] = lim 4" U I «r I = ~ ■ 

4.3.4. Monomial ideals. In this section, we consider S = kfxi, . . . , x n J where k is an F-finite 
field of characteristic p > 0. If we have it = (u±, . . . ,u n ) G Z n , then i" = x" 1 • ■ ■ x^ n will 
denote the corresponding monomial in the variables Xi,...,x n . If a C S is a monomial 
ideal, ie. is generated by monomials in x\, . . . ,x n , we can consider the Newton polyhedron 
P a C ]R n of a given by the closed convex hull in M. n of the set { u G Z n | x u G a} of lattice 
points representing the monomials in a. 

It is well known that the integral closure a is also a monomial ideal and is determined 
by P a , so that x u G a if and only if u G P a D Z n . If A G M>o, this is readily generalized to 
the statement that a A is a monomial ideal determined by AP a = { Ax | x G P a }, so that 
x u G a A if and only if u G AP a D Z™. Indeed, the Rees valuations of a are the monomial 
valuations obtained from the bounding hyperplanes of P a [HS06, Proposition 10.3.5] (c/. 
[CLSllj Section 11.3]) and determine membership in a A [HS06, Proposition 10.6.5]. 

Theorem 4.20. Let S = fc[xi, . . . , x n ] where k is an F -finite field of characteristic p > 0. 
Suppose a C S is a monomial ideal with Newton polyhedron P a C ]R n and t G M>o- Then the 
F -signature of (S, a*) 

s(S,a t )=vo\ Rn (tP a n[0,l} n ) 
equals the Euclidean volume of the intersection of tP a with the unit cube [0, l] n C R n . 
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Proof. Set n = (xi, . . . ,x n ). By Lemma [4. 171 and Lemma [4.1 2[ we have that 

1 „ 



s(S, a* 



lim 



p r, 



'S 



ltp e 



a** n n^ 



As noted above, a tpe is a monomial ideal determined by the property x u G a tpe if and only if 
u G tp e P a flZ n . Likewise, n^l is a monomial ideal, and x u G" ri^ 6 ' if and only if u G [0, p e ] n nZ n . 
In particular, since the lengths appearing in the limit above are a quotient of monomial ideals, 
we need only count monomials to compute them. We have 



a'P e 



is ( - : : = #{ u G Z™ I x u G a*P e \ n^ } 

= #(z n n(tp e P a )n [o,p e ] n ) 
= #(Z"n( P e -(tP a n[o,if))) . 

The result now follows from the following elementary identity: if Q C M. n is any polytope 

4l( n C\) 

then vohjn(Q) = lim . See |Ful93| Page ill] for further discussion. 

q — ^oo Q 



D 



Remark 4.21. Note, in particular, that the formula in Theorem 14. 201 above is independent of 
both the coefficient field k and even the characteristic p > 0. 

Example 4.22. Consider now the ideal o = (x 3 ,y 2 ) inside k\x, y\ where k is an F-finite field 
of characteristic p > 0. If t G M>o, the intersection iP n [0, l] n is non-trivial only if t < 5/6, 
in which case it takes on one of the three forms indicated in the diagrams below. 



2t > N 



<t < I 



3f 




2t ■ 



i<t<l 



q 



3f 



Using Theorem I4.20[ one readily computes 

S (A;[x,y],(x 3 , 2 / 2 ) < ) = 
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l-3t 2 
l-2t 

- 5t + 3t 2 



<t < | 

3 — L — 2 
2—^—6 
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